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where a and b are the photon anihilation operators of
each mode. The physical meaning of these operators is
the following [?,?]: J
2
represents the total photon num-
ber, J
z
the photon number dierence between the two
modes, and J
x;y
are the phase-dierence, or interference,




phase shift operator and e
iJ
x
is the rotation carried out
by a beam splitter (homo-/heterodyne measurements).



































The Schwinger representation thus makes use of the ho-
momorphism from SU(2) onto SO(3), which allows one
to represent any unitary operation on the two-mode eld















































where , , and  are the Euler angles, corresponds to









(h = 1). A
lossless beam splitter corresponds to the values
 =   = =2;  = 2 arccos
p
R; (7)
where R is the reectivity of the beam splitter (the trans-
mittivity T is such that R+ T = 1).
B. Ideal number-phase EPR states
By denition, a maximally entangled two-mode state,











such that any reduced (single-mode) density matrix of
this state Tr
a;b
(jEPRihEPRj) is proportional to the


























An example of EPR state is the eigenstate, introduced
by Luis and Sanchez-Soto [?], of the operators of the
photon-number sum and phase dierence of two modes a
and b. Heeding the point made by Trifonov et al. [?], we
will call this state a relative-phase eigenstate rather than
a phase-dierence eigenstate, thus recalling that the for-
mal denition of a two-mode quantum phase dierence
operator does not coincide with the (problematic) de-
nition of two single-mode quantum phase operators [?].

























+ 2r=(N + 1) is the phase dierence,
N is the total photon number, 
0
an arbitrary phase
origin, and r 2 [0; N ]. The phase dierence is adequately
dened with resolution 1/N , i.e. at the Heisenberg limit.





































can always be considered a relative-phase eigenstate,





may be with respect to n [?]. The whole basis can al-









gi. However, successful quan-






, which is the relative phase of the entanglement
between Alice and Bob [?], and we will show later that




is not linear in n.
Finally, let us recall that maximal entanglement is only
really attained when N !1.
C. Generation of EPR and quasi-EPR states
The experimental realization of relative-phase eigen-
states is an arduous problem. Recently, Trifonov et al.
reported the experimental realization of a relative-phase
eigenstate (??) for N = 2 [?]. Their astute method uses a
nonbalanced beamsplitter to create a two-mode state, all
of whose amplitudes have equal modulus. This method is
not general in the sense that it cannot work perfectly for
N > 2, as we show below. However, the use of a beam
splitter to generate EPR or quasi-EPR states stems from
quite general arguments indeed.
The studies of Heisenberg-limited interferometry
[?,?,?,?,?] have led to a thorough understanding of the
subtle quantum optical properties of the beam splitter
[?,?,?,?,?]. In particular, a balanced beam splitter swaps
2
the amplitudes and phase properties of the impinging
two-mode wave, and can also be used to entangle non-
classical optical elds [?,?,?]. As is readily seen in the
Schwinger representation, a balanced beam splitter cor-
responds to a =2 rotation aroundX and therefore trans-
forms a state from axis Z (intensity dierence) to axis Y
(phase dierence).
In the case of an EPR state such as Eq. (??), the
phase dierence is squeezed and the intensity dierence
is anti-squeezed. Experimentally, this is achievable by
sending an intensity-dierence-squeezed state through a
beam splitter [?]. To illustrate this, let us examine the










































jj mi is a rotation ma-
trix element taken real by convention and propor-


















(). This state is displayed
for 
0
= 0 in Fig. ??. As expected, the result is a nar-




! 0 very fast as
jmj ! j).




through another, balanced ( = =2), beam split-




i. (One can see that  ! =2 is necessary to max-
imal entanglement, since the spread of the state must




(=2)i contains but a few nonzero amplitudes,
a reasonable method for generating close approximations
of EPR states with a balanced beam splitter is to con-




(=2)i by keeping only the lowest values of m
(this could be viewed as a sort of quantum Abbe exper-
iment, with a low-m-pass lter). These states are, for































































































and so on, for N = 2j odd. Sending these states through
a beam splitter gives output states closely resembling
EPR states, as we will now see. We call these output
states quasi-EPR states.
We start with the simplest one (??), which has already
been considered by CMM. We dene the general state
rotated by a beam splitter as

























Figure ?? displays the modulus of the quantum ampli-
tudes of jj 0 ()i, versus  (??) and m.
One can see that  ! =2 is still necessary for max-
imal entanglement. The very value  = =2 leads to
a problem, however, because every other amplitude of
the state is zero [?,?]. This was recalled by CMM when
they investigated the use of this state as a teleportation
channel and found that, because of this, teleportation -
delity was bounded by 50% (to the notable exception of
some Schrodinger cat states). This situation, however, is
changed if one considers an ever-so-slightly imbalanced
beam splitter: Fig. ?? dispays the modulus and phase of
the coecients of j10 0(90
o





)i is closer to an EPR state than
j10 0(90
o
)i: it has the same spread but much more even
amplitudes and no zeroes at all. The phase distribution
is not constant but this just means that it is a general
relative phase state of the form of Eq. (??), which is still
a legitimate EPR state. In fact, j10 0(85:5
o
)i is the best
quasi-EPR state for all . In general, we nd that the
angle 
Q
that gives the best quasi-EPR state is given by












To test Eq. (??), we have plotted on Fig. ?? the state
jj 0 (
Q
)i for j = 100, 1000, and 10000.
Note that all digits in the angle in Fig. ?? are signif-
icant, which points to an interesting situation. Let us
assume that on-demand single-photon sources become a
reality (not an unreasonable asumption), which would al-
low the production of jj 0i
z
in the laboratory. Equation
(??) nevertheless poses a serious experimental constraint
on the tolerance of the beam splitter reectivity R, be-
cause the required precision on , i.e. on R, increases
with N if one wants to resolve jj 0 (
Q
)i from jj0(=2)i
and its numerous inconvenient zeroes. Roughly, R 
  1=N . Since a beam splitter using state-of-the-art
optical coatings and polishing cannot give more than the
(already irrealistic) R  10
 6




In fact, by taking a closer look at Fig. ??, one can
see that the amplitudes present 1=N -period oscillations
versus . These oscillations are of signicant contrast,
with the state amplitudes often reaching zero. This poses
a problem for experimentally dening jj 0 ()i as j in-
creases.
This problem disappears, however, as soon as one uses
a more elaborate input state, such as (??). Such an input
state could be obtained using stimulated emission from
a single atom, starting from a jj0i
z
state and having the
two beams shine simultaneously and noncollinearly on
3
the excited atom. One will also want to have fast nonra-
diative decay from the ground state of the transition so










Even though the 1=N oscillations are still present, they
are signicantly attenuated as there are no zero ampli-
tudes, even at  = =2. One can therefore use  = =2
in this case, which presents the nonegligible advantage




(=2)i + jj  
1
2
(=2)i (unlike in Fig. ??). This is of
importance for the teleportation protocol, as we will see
in the next Section. Finally, it is straightforward and
unsurprising to show that the more elaborate (less low-
m-pass ltered) reconstructions (??) and (??) give even
better results: more even amplitudes at still constant
phase. We will, however, restrain our investigations to









which are the simplest ones and are also within reason-
able reach of foreseeable future technology.
III. NUMBER-PHASE QUANTUM
TELEPORTATION
In this section we briey recall the denition of
number-phase teleportation [?] and extend it to gen-
eral relative-phase states. We then consider the use of
the quasi-EPR states derived above.
A. Ideal entanglement resource
Quantum teleportation relies on a maximally entan-
gled state shared by the sender, Alice, and the receiver,
Bob. The entanglement concerns two physical systems,
A and B respectively. Alice is in possession of A and also
of system T , whose \target" state is the quantum infor-
mation she needs to transmit. The teleportation process
consists, for Alice, in making a joint measurement on T
and A such that both are projected onto a maximally
entangled state. This prevents Alice from obtaining any
quantum information about the target state, which as
such is destroyed in the process. In turn, said target
state is transferred, by \entanglement transitivity" from
T to B, i.e. to Bob, who may then reconstruct the exact
target state on B using the classically transmitted results
of Alice's measurements (which contain no quantum in-
formation whatsoever). The conceptually dicult part is
to gure out what measurements should be used by Alice
to maximally entangle her two systems A and T . This
question was answered by Vaidman in connection with
the EPR paradox [?].
In the case of number-phase teleportation, use is made






























whose measurements project the joint T -A state onto a
joint eigenstate of the total number and the relative phase
such as Eq. (??). If the same type of entangled state is
shared between Alice and Bob, perfect teleportation can
in principle be achieved. Let us consider the general case

















































. The joint TA state




























































To exactly recover the target state, Bob must then per-
form, on B, a photon number shift [?] of q   N and a


































does not have to do anything). One can see from this
that the phase distribution of the initial entanglement
resource has to be corrected for, along with Alice's mea-
surement result. If this distribution is unknown or too
complicated to correct, teleportation will fail. This cor-
rection can also be made by Alice, by simply shifting her
































Note that this requirement that the entanglement
phase be perfectly known is a very general one and not
at all specic to our particular choice of the optical phase
variable for the teleportation protocol. This was pointed
out by van Enk in Ref. [?].
In light of what precedes, it is interesting to investigate
the use of the general relative phase state jf
(N)
gi given
by Eq. ?? (which still is a perfect EPR state). Indeed, if
the phase distribution is more complicated than the mere
relative phase osets of Eq. (??), Bob will be faced with
problems reconstructing the target state. If the initial










and the phase dierence operator by Eq. (??), then the








































jk +N   qi
B
; (30)
which shows that Bob needs more than a phase shift to



















= cst, 8n. This transformation may


























It is however somewhat puzzling that this additional
step is needed if jf
(N)
gi may indeed be considered as
a legitimate relative phase eigenstate, since it is used in
the corresponding relative phase measurement. There
seems therefore to be a need for an absolute phase refer-
ence in number-phase teleportation, if Alice uses a rela-
tive phase operator. In other words yet, even though the
whole relative-phase eigenbasis | and hence the opera-
tor | may be generally dened based upon any general
state jf
(N)











spond to a feasible physical measurement, thereby limit-











only be linear in n at most.
One example of such a complicated situation is the
quasi-EPR state jj 0 (
Q
)i, which has the phase distribu-
tion depicted in Fig. ??.
B. Teleportation of a coherent state with a
quasi-EPR resource
We now turn to the use of quasi-EPR states as the en-
tanglement resource, and show how an arbitrary coher-
ent state can be successfully teleported. Our evaluation
of teleportation performance is based on the pure-state
delity





The entanglement resource is now a quasi-EPR state,
i.e. of the general form (??), but where Eqs. (??) are not
veried any more. The entangled state is of the form
























= 1. As announced before, we only















their respective decompositions in terms of Eq. (??) are


























































































jk+ N   qi
B
; (36)








































































Before we plot F (q) for the two quasi-EPR states, we
must address the dependence of the delity on the mea-
sured value q of the number sum: this implies conditional




cst, 8N;n), which should not be.
Equation (??) has an upper bound, which can be found

























































which corresponds to the delity of the ideal EPR re-
source. The Cauchy-Schwartz inequality thus has a pre-
cise physical meaning in this case. Note, however, that
this limit (??) can be 1 unless k
0
= 0 (i.e. q  N ) and





6= 0). This can only be achieved
if N ! 1, which is the rigorous condition for which
a relative-phase eigenstate is truly maximally entangled.
When this is fullled, the probability that q < k
max
be-
comes negligible and the teleportation becomes uncondi-
tional F (q)  1.
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